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ON THE NUMBER OF GALOIS POINTS FOR A PLANE CURVE
IN CHARACTERISTIC ZERO
SATORU FUKASAWA
Abstract. For a plane curve, a point on the projective plane is said to be Galois
if the projection from the point as a map from the curve to a line induces a Galois
extension of function fields. We present upper bounds for the number of Galois
points, if the genus is greater than zero. If the curve is not an immersed curve,
then we have at most two Galois points. If the degree is not divisible by two nor
three, then the number of outer Galois points is at most three. As a consequence,
a conjecture of Yoshihara is true in these cases.
1. Introduction
In 1996, H. Yoshihara introduced the notion of the Galois point ([6, 9]). Let
C ⊂ P2 be an irreducible plane curve of degree d ≥ 4 over an algebraically closed
field K of characteristic zero, let Csm be the set of all smooth points of C, and let
K(C) be its function field. A point P ∈ Csm (resp. P ∈ P
2 \ C) is said to be inner
(resp. outer) Galois for C, if the function field extension K(C)/π∗PK(P
1) induced
by the projection πP : C 99K P
1 from P is Galois. The number of inner (resp. outer)
Galois points is denoted by δ(C) (resp. δ′(C)). It is interesting to determine δ(C)
or δ′(C).
If C is smooth, then Yoshihara and Miura ([6, 9]) showed that δ(C) = 0, 1 or
4 (resp. δ′(C) = 0, 1 or 3), and δ(C) = 4 (resp. δ′(C) = 3) if and only if C is
projectively equivalent to the curve defined by
X3Z + Y 4 + Z4 = 0 (resp. Xd + Y d + Zd = 0).
If d is prime and C is not rational, then Duyaguit and Miura showed that δ′(C) ≤ 3
([1]). If d − 1 is prime, then Miura gave an upper bound related to δ(C) ([5]). If
C is rational and d 6= 12, 24, 60, then Yoshihara showed that δ′(C) ≤ 3 ([10]). The
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present author gave an upper bound for δ(C) ([3]); however, the bound is not sharp
(in characteristic zero). Yoshihara conjectured the following ([11]).
Conjecture 1.1. For any irreducible plane curve C of degree d ≥ 4,
δ(C) ≤ 4, and δ′(C) ≤ 3.
In this study, we show that the conjecture is true in many cases. Let r : Cˆ → C
be the normalization, and let g be the genus of Cˆ.
Theorem 1.2. Let C ⊂ P2 be an irreducible plane curve of degree d ≥ 4, and let
g ≥ 1. If the morphism r : Cˆ → P2 is not unramified, that is, there exists a point
Qˆ ∈ Cˆ such that the differential map of r at Qˆ is zero, then
δ(C) + δ′(C) ≤ 2.
By virtue of Theorem 1.2, to find a bound for δ(C) or δ′(C), we have only to
consider the case where r : Cˆ → P2 is unramified.
Theorem 1.3. Let C ⊂ P2 be an irreducible plane curve of degree d ≥ 4 (resp.
d ≥ 3), and let g ≥ 1. Assume that d− 1 (resp. d) is not divisible by two. Then,
δ(C) ≤ 5 (resp. δ′(C) ≤ 5).
Furthermore, we have the following.
(a) If d− 1 (resp. d) is not divisible by three, then δ(C) ≤ 3 (resp. δ′(C) ≤ 3).
(b) If g < (d− 2)/2 (resp. g < (d+ 2)/2), then δ(C) ≤ 3 (resp. δ′(C) ≤ 3).
(c) If g < 2d− 4 (resp. g < 2d+ 1), then δ(C) ≤ 4 (resp. δ′(C) ≤ 4).
(d) If 2 ≤ g ≤ (d − 1)2/84 (resp. 2 ≤ g ≤ d2/84), then δ(C) ≤ 1 (resp.
δ′(C) ≤ 1).
Remark 1.4. (a) Curves under the condition that d − 1 is a prime number
larger than 3 (resp. that d = 4) satisfy the assumption of (a) (resp. of (c))
in Theorem 1.3.
(b) Curves under the condition that d is a prime number larger than 3 (resp.
that d = 3) satisfy the assumption of (a) (resp. of (b)) in Theorem 1.3.
2. Preliminaries
Let (X : Y : Z) be a system of homogeneous coordinates of the projective plane
P
2. When P ∈ Csm, the (projective) tangent line at P is denoted by TPC ⊂ P
2.
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For a projective line ℓ ⊂ P2 and a point P ∈ C ∩ ℓ, IP (C, ℓ) is the intersection
multiplicity of C and ℓ at P . The line passing through points P and R is denoted
by PR, when R 6= P , and the projection from a point P ∈ P2 by πP . The projection
πP is represented by Q 7→ PQ. Let r : Cˆ → C be the normalization, and let g be
the genus of Cˆ. We write πˆP = πP ◦ r. The ramification index of πˆP at Qˆ ∈ Cˆ is
denoted by eQˆ. If Q = r(Qˆ) ∈ Csm, then eQˆ is denoted also by eQ. It is not difficult
to check the following.
Lemma 2.1. Let P ∈ P2, and let Qˆ ∈ Cˆ with r(Qˆ) = Q 6= P . Then for πˆP we have
the following.
(1) If P ∈ Csm, then eP = IP (C, TPC)− 1.
(2) If h is a linear polynomial defining PQ around Q, then eQˆ = ordQˆr
∗h. In
particular, if Q is smooth, then eQ = IQ(C, PQ).
The order sequence of the morphism r : Cˆ → P2 is {0, 1, 2} (see [4, Ch. 7], [8]).
If Qˆ ∈ Cˆ is a non-singular branch, i.e., there exists a line defined by h = 0 with
ordQˆr
∗h = 1, then there exists a unique tangent line at Q = r(Qˆ) defined by hQˆ = 0
such that ordQˆr
∗hQˆ ≥ 2. The order ordQˆr
∗hQˆ of the tangent line hQˆ = 0 at Qˆ is
denoted by νQˆ. If νQˆ > 2, then we call the point Qˆ (or Q = r(Qˆ) if Q ∈ Csm) a flex.
The set of all non-singular branches is denoted by Cˆ0 ⊂ Cˆ. We recall the following
fact (see [8, Theorem 1.5]).
Fact 2.2 (Count of flexes). We have
∑
Qˆ∈Cˆ0
(νQˆ − 2) ≤ 3(2g − 2) + 3d.
On a Galois covering of curves, the following holds in general (see [7, III. 7.2,
8.2]).
Fact 2.3. Let θ : C → C ′ be a Galois covering of degree d, and let P ∈ C. The
ramification index at P is denoted by eP , and the stabilizer subgroup of P by G(P ).
Then we have the following.
(1) The order of G(P ) is equal to eP for any point P ∈ C.
(2) If θ(P ) = θ(Q), then eP = eQ.
(3) The index eP divides the degree d.
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3. Proof
Whenever we consider a Galois point P , we assume that P is inner or outer Galois,
that is, P ∈ Csm ∪ (P
2 \ C). For a Galois point P , the Galois group is denoted by
GP . If P ∈ Csm (resp. P ∈ P
2 \ C), then the order |GP | is equal to d − 1 (resp.
d). We can consider GP as a subgroup of the automorphism group Aut(Cˆ). The
following holds.
Lemma 3.1. Let P1, P2 ∈ P
2 be Galois points with P1 6= P2. Then, GP1∩GP2 = {1}.
Proof. For points P1, P2 ∈ P
2 \ C, the assertion holds due to [2, Lemma 7]. The
proof for the case where P1, P2 ∈ Csm is similar. If P1 ∈ Csm and P2 ∈ P
2 \ C, then
the assertion is obvious, since the orders |GP1| and |GP2| are coprime. 
Using Lemma 3.1, and the well-known Hurwitz bound 84(g − 1) for the order
of the automorphism group of any smooth curve with genus g ≥ 2, we have the
following.
Proposition 3.2. Assume that g ≥ 2. If δ(C) ≥ 2 (resp. δ′(C) ≥ 2), then we have
the inequality
(d− 1)2 ≤ 84(g − 1) (resp. d2 ≤ 84(g − 1)).
Proof. Let P1, P2 be distinct Galois points, and let GP1, GP2 ⊂ Aut(Cˆ) be the Galois
groups. The order of the subgroup generated by GP1 and GP2 is at least (d − 1)
2
(resp. d2), by Lemma 3.1. By the Hurwitz bound, we have the conclusion. 
Hereafter, we assume that g ≥ 1. The following fact is well-known ([4, Lemma
11.44]).
Lemma 3.3. Let G be a subgroup of the automorphism group Aut(Cˆ), and let
Qˆ ∈ Cˆ. If σ(Qˆ) = Qˆ for any σ ∈ G, then G is a cyclic group.
By using this fact, we have the following.
Lemma 3.4. Let P1 and P2 be distinct Galois points, let Qˆ ∈ Cˆ with Q = r(Qˆ) 6=
P1, P2, and let h1 and h2 be linear polynomials defining P1Q and P2Q around Q
respectively. If ordQˆr
∗h1 = ordQˆr
∗h2, then ordQˆr
∗h1 = ordQˆr
∗h2 = 1.
Proof. By the assumption, m := ordQˆr
∗h1 = ordQˆr
∗h2. Assume that m ≥ 2. By
Lemma 2.1(2) and Fact 2.3(1), there exist subgroups G1 of GP1 and G2 of GP2 of
order m respectively such that σ(Qˆ) = Qˆ for any σ ∈ G1 ∪G2. Let G be the group
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generated by subgroups G1 and G2. Since G1 ∩ G2 ⊂ GP1 ∩ GP2 = {1} by Lemma
3.1, |G| ≥ m2. Then, G fixes the point Qˆ. By Lemma 3.3, G is a cyclic group.
Therefore, G is a cyclic group of order m2. However, the cyclic group of order m2
has a unique subgroup of order m. This is a contradiction. We have m = 1. 
For immersed curves, we have the following.
Lemma 3.5. Assume that Cˆ0 = Cˆ, that is, the morphism r : Cˆ → P
2 is unramified.
Let Qˆ ∈ Cˆ and Q = r(Qˆ). If P1 and P2 are distinct Galois points, and Qˆ ∈ Cˆ is a
common ramification point for πˆP1 and for πˆP2, then P1 ∈ P
2 \ C and Q = P2, or
P2 ∈ P
2 \ C and Q = P1.
Proof. Assume that Q 6= P1, P2. Since Cˆ0 = Cˆ and Qˆ ∈ Cˆ is a ramification point
for πˆP1 and πˆP2 , by Lemma 2.1(2), points P1 and P2 are contained in the tangent
line TQˆC ⊂ P
2 at Qˆ. Therefore, Q ∈ P1P2. However, by Lemmas 3.4 and 2.1(2),
Q 6∈ P1P2. This is a contradiction. We have that Q = P1 or P2.
Assume that Q = P2. Since Qˆ is a ramification point for πˆP1 , by Lemma 2.1(2),
P1 ∈ TQC = TP2C. According to [3, Lemma 2.5] and Lemma 2.1, the point P1 is
not inner Galois. 
We prove main theorems.
Proof of Theorem 1.2. Assume by contradiction that there exist three Galois points.
Let Qˆ ∈ Cˆ with Q = r(Qˆ). We show that there exists a line passing through Q
with a linear polynomial h defining it such that ordQˆr
∗h = 1. We can assume that
Q is not Galois. If there exist Galois points P1 and P2 such that P1P2 ∋ Q, then
we have the claim, by Lemmas 3.4 and 2.1(2). Therefore, we can assume that lines
PQ are different for each Galois points P . Let P1, P2 and P3 be Galois points, and
let h1, h2 and h3 be defining polynomials of P1Q,P2Q and P3Q respectively. Since
the linear system associated with r : Cˆ → P2 is of dimension three, the values
ordQˆr
∗h ≥ 1 for all lines h = 0 passing through Q have two possibilities ([4, p.218],
[8, p.3]). Therefore, ordQˆr
∗hi = ordQˆr
∗hj for some i 6= j. By Lemma 3.4, we have
ordQˆr
∗hi = ordQˆr
∗hj = 1. 
Proof of Theorem 1.3. Assertion (d) is nothing but Proposition 3.2.
Assume that δ(C) ≥ 3. By Theorem 1.2, r : Cˆ → P2 is unramified. By Lemma
3.5, if Qˆ is a ramification point for πˆP from an inner Galois point P , then Qˆ is
not a ramification point for any other inner Galois point. By Fact 2.3(3) and the
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assumption that d−1 is not divisible by two, the ramification index eQˆ ≥ 3, for each
Galois point P and a ramification point Qˆ ∈ Cˆ for πˆP . Let m(P ) := min{eQˆ | Qˆ ∈
Cˆ, eQˆ ≥ 3} for each Galois point P , and let m := min{m(P ) | P is Galois}. Then,
m divides d− 1. By the Riemann–Hurwitz formula, we have
2g − 2 + 2(d− 1) =
∑
Qˆ∈Cˆ
(eQˆ − 1).
Then,
∑
Qˆ∈Cˆ, e
Qˆ
≥3
(eQˆ − 2) = 2g − 2 + 2(d− 1) + (−1)×#{Qˆ ∈ Cˆ | eQˆ ≥ 3}
≥ 2g − 2 + 2(d− 1)−
1
m− 1
(2g − 2 + 2(d− 1))
=
m− 2
m− 1
(2g − 2 + 2(d− 1)).
Using Lemma 2.1, for each Galois point, we need at least
m− 2
m− 1
(2g − 2 + 2(d− 1))
flexes. By Fact 2.2, we have the inequality
δ(C)
m− 2
m− 1
(2g − 2 + 2(d− 1)) ≤ 3(2g − 2) + 3d,
and hence,
δ(C) ≤
m− 1
m− 2
×
3(2g − 2 + d)
2g − 2 + 2(d− 1)
<
3(m− 1)
m− 2
.
If m = 3, then δ(C) < 6. If m ≥ 5, then δ(C) < 4. We consider the case m = 3.
Then,
m− 1
m− 2
×
3(2g − 2 + d)
2g − 2 + 2(d− 1)
< 4 (resp. < 5)
if and only if
g <
d− 2
2
(resp. g < 2d− 4).
For outer Galois points, we have
δ′(C) ≤
m− 1
m− 2
×
3(2g − 2 + d)
2g − 2 + 2d
<
3(m− 1)
m− 2
.
Therefore, we have δ′(C) ≤ 3 (resp. δ′(C) ≤ 5) if m ≥ 5 (resp. if m = 3). Under
the assumption that m = 3,
m− 1
m− 2
×
3(2g − 2 + d)
2g − 2 + 2d
< 4 (resp. < 5)
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if and only if
g <
d+ 2
2
(resp. g < 2d+ 1).
We complete the proof. 
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